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Rotordynamic Coefficients in Staggered Labyrinth Seals 

Dursun Eser*, Yllmaz Dereli 
Mathematics Department, Science and Art Faculty, Osmangazi University, 

26480 Eski$ehir Turkey 

In this paper, the flow properties of staggered labyrinth seals are investigated. Leakage 

flowrates and pressure distributions are calculated for this seal. Then the dynamic stiffness and 

damping coefficients are calculated. The results are compared to the results of the some other 

papers. 
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Circumferential velocity 

Shaft angular velocity 

Eccentricity ratio 

Ratio of spesific heats 

Contraction coefficient 

i Kinetic energy carry-over coefficient 

'. Kinematic viscosity 

i Angular coordinate 

Density 

The shear stress of the rotor surface 

The shear stress of the stator surface 

Zeroth and first-order perturbations 

Rotor, stator 
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I. Introduction 

Labyrinth seals are used in turbines and com- 

pressors as well as in some pumps. The primary 

objective of labyrinth seal is to control fluid 

leakage. There are a few types of labyrinth seals 

are being used. The most common one is the 

straight through labyrinth seals which were stu- 

died by Eser and Kazakia (1995), Childs and 

Scharrer (1986), Dillon (1991) etc. The next 

common seals are stepped labyrinth seals which 

were studied by Scharrer (1989), Ha (2001), Eser 

(2002). Staggered labyrinth seals are another 

type of seals which is the main subject of  this 

study. 
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Here we present an analysis for the staggered 

labyrinth gas seals shown in Fig 1. The continuity 

and momentum equat ion are derived for single 

control  volumes shown in Fig. 2. 

The  first order equat ions  are l inearized using a 

per turbat ion analysis for small mot ion about  a 

centered position. The  resulting set of  l inear 

algebraic equat ions are solved by using a numer- 

ical method for the pressure and velocity per- 

turbations.  The rotor  dynamic coefficients are 

tt, , I, 
It, 

obtained by integrating the pressure perturbat ions 

around the shaft. 

2 .  P r o c e d u r e  

The Neuman ' s  leakage model  is used to calcu- 

late the leakage flowrate which is given as 

#RT 

The zeroth order continuity equat ion implies 

that leakage flowrates are equal  in each cavities, 

i.e. 

frll = m 2 = ' ' '  = Tj'lNT: fIZ (2) 

t ' r  t 
i 

" .  .... . ,  . . . . . .  

Teeth ~n staior 

Cr, 

~ l  I , 

It, t, 

at ,i.,~ ~ 
.~. 75(! ~. ..:.".'.,~. 

- . ; b . . . . ; ~ .  , r .  " 4"...~" " . .  . .  ' : ~ .  . .~.';.~.' ~ " - , ' ~ . . .  
, ",:,~'..". . . . .  ,2 ~ • . . . .  £', ', :~., 
-, '~ ~ <",:~ . . " "- ' ~ A ' ~  J / f ~  ." .. ~..,', ,.r,,:.'. ~,~,Y~. ~. :, 

[¢¢th on rotor 

Fig. 1 Geometric details in staggered labyrinth seal 
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Fig. 2 Control volumes 

We have compared the leakage flowrate results 

to the results of  Scharrer (1989) and Ha (2001). 

This compar is ion  is given in Fig. 3 and it is 

satisfactory. 

The  circumferential  momen tum equat ion can 

be written for ith labyrinth cavity as 

:t~/( Vz'-- Vi-l) -----27E('griari-- "CsiOlsi) (3) 

where the shear stress at the stator surface area 

is 

V s i = O . 5 l O i ~ i i n  S ( I  Vi IDhl )ms (4) 
l; 

F i g .  3 

,i, (kgl~) 
~060- 

- ~ , o  

J.O • 15 

d = 0.00l, Pt~- =7.00E+5, WRPM= 2000£ 

Comparision of leakage t]owrate to 

results of Scharrer (1989) and Ha (2001) 
the 
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and at the ro tor  surface area is 

r~=O.5pi(Rsiw- V,)Znr ( Rsiw- I~ [Dhi ) ~r (5) 

The  velocity d i s t r ibu t ion  Is given in Fig. 4 for 

teeth on s ta tor  and  teeth on  rotor .  The  seal ge- 

ometries,  the seal cond i t ions  and  the l abyr in th  

seal types used here  are given Tab le  1. 

T a b l e  1 Seal geometries and operating conditions 
and labyrinth seal types 

NT=5,  10, 15 PIN=7.00E+5, 3.08E+5 Nm z 

d=0.00025, 0.00100 m Pour=I.01E+5 Nm z 

V (0) =60 m/s W =  16000, 20000 rpm 

RS(I) =0.0756 m L(1) =0.002175, 0.003175 m 

B(I) =0.003175 m T=300  °K 

Cr(1) =0.000127 m R=287.06 Nm/kg°K 

T I P L E N : . 2 E - - 4  m Fluid ~ Air 

straight labyrinth sea[ teeth on stator 

straight labyrinth seal teeth on rotor 

diverging stepped labyrinth seal teeth on stator 

diverging stepped labyrinth seal teeth on rotor 

converging stepped labyrinth seal teeth on stator 

converging stepped labyrinth seal teeth on rotor 

staggered labyrinth seal teeth on stator 

staggered labyrinth seal teeth on rotor 

diverging stepped labyrinth seal teeth on rotor 

10 " converging stepped labyrinth seal teeth on rotor 

(Ha, 2001) 
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Fig. 4 Velocity distribution 

3. Governing Equations 

Using  the con t ro l  vo lume in Fig. 5, the cont i -  

nui ty equa t i on  can be der ived as 

ff~(piAi) piV~ 3A, p.4~ ~V,. 4 Rsi 90 + Rs~ oa 
(6) 

A i V i  Opi q-(t,+l Rsi+l  " - -0  
Rsi O0 ~ -  q~- 4 

where 

A i =  ( B i + I +  CYi) Li "4 dLi 
2 

(7) 
=( Bi+l+Cr,+ d )  L, 

is the t ransverse  surface area. Height  of  seal 

str ip Bi and seal radius  Rsi change  at each 

cavity and  these are defined as 

Bi+l =B,+ ( -  1) id  (8) 

Rs~+~ = Rs~ + ( -  1) i+Id (9) 

q# rlRS#+l dO 

~,iRsidO 

Fig. 5 Control  volume used to derive the continuity 

equation 

(qi Rs~d0)V~-I 

Fig. 6 Control  volume used to derive the momentum 

equation 
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Using the control volume in Fig. 6, the mo- 

mentum equation is derived as 

Rs~ O0 R~ aO 
2pAiVi 3V," . . . .  Rsi+l 

Rs~ O0 >q~v~-~-q~+~f V,- (10) 

Ai OP, 
Rs,. 30 + r~a~- r~as~ 

where the dimensionless shear stress lengths for 

teeth on stator are defined as 

a , i = B i +  Bi< + Li  (11) 

a~i=L~+d (12) 

and shear stress lengths for teeth on rotor are 

defined as 

a ~ = B i +  B~+~ + L~ (13) 

a , i = L ~ + d  (14) 

Multiplying the continuity Eq. (6) with the cir- 

cumferential velocity Vi and subtracting from 
the momentum Eq. (10) we obtain the simpler 
momentum equation as 

a V i _  p~¼-A~ 3V, 
p~A~ at Rs~ a0 O~( V , -  V,.-,) 

(15) 
Ai  Opi ~_ griari-- rsiasi 
Rsi 30 

The leakage equation 

• . / P ~ - ~ - H  
qi=,util&ini v ~ (16) 

is used to calculate the leakage flowrate and 

pressure distributions in cavities of labyrinth 

seals. The flow coefficient gx~ and kinetic energy 

carryover coefficient /.tz~ are same as in Childs 

and Scharrer (1986). 

Oi=Oo,+eO,,(t, O) +"" (19) 

/- , i=/-~0i+e/-,1,(t ,  0) + " "  (20) 

~ri=~rOi-~eerli(t, O) ~-"" (21) 

/ & = ~ , + ¢ / q ; ( t ,  O) + . - .  (22) 

The radial clearance variation which is produced 

by such a disturbance is expanded in the form 

Hi=Hoi+eHl i ( t ,  O) +"" 
(23) 

= C r i + e H l i ( t ,  O) +"" 

where e = e / C r ~  is the eccentricity ratio. Sub- 

stituting these parameters in the continuity equa- 

tion and neglecting the terms of ~ and higher. 

we get the first order continuity equation for the 

i - th  cavity as 

G 3Pn Vo, aPli Po; aVli 
li ~ t  -}- Gli F- Gli Rs~ O0 Rs~ O0 

-? GaiPli Jr G4iPli+ x -k C~iPli-1 (24) 

Voi aH~i 
= - G6iHli- g2~ - G2~ Rsi 30 

where the coefficients G~'s are given in Appendix 

A. 

Substituting the same perturbation parameters 

into the circumferential momentum equation we 

obtain the first order momentum equation as 

74, f~/ 3V1i Voi OVti ]_~ Aoi OPn 
- - ' / \  dt + Rsi 30 / Rs,. 30 
q_xaigli_gloiVli_lq_XaiP14_X4iPli_ 1 (25) 

= Xs~H1, 

where the coefficients Xi's are given in Appendix 

A. 

Eqs. (24) ~ (25) can be reduced to the follow- 

ing system of linear algebraic equations 

4. F i r s t  O r d e r  S o l u t i o n s  

We use the perturbation analysis to linearize 
the continuity and circumferential momentum 

equations. The perturbation parameters used here 
a r e  

PI=Po~+EP~i(t, O) +...  (17) 

E =  Vo ,+eV~( t ,  0) +- - .  (18) 

[A71]{ ~ - I } + [ A ° ] {  Y i } + E A ? q {  ~+~} 
(26) 

=Ea{ B, }+b{ C, }] 

where Y,.'s and the A matrices and column vec- 

tors B and C are given in Appendix B. 

The solution of above system is 

{ Pl~ }=a{  F,~ }+b{  Fb, . } (27) 

where Pi and Fi's are defined as 
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{ P l l } = [ P ~ ,  P~, P~, p£]r (28) 

{ F~ } = [F+~, F+~, Faci, fas~ ] r (29) 

{ F ~ } = E F ~ ,  Fg~, F;c,, F;~i] ~ (30) 

Using these in Eq. (27) we get 

Ph = a F+¢~ + b F ~  (31 ) 

PZ = aF+a~z + bF~ (32) 

Ph = aFg~ + bF~ (33) 

P£ = aFg~ + bFg~ (34) 

These are to be used in calculat ion of  rotor- 

dynamic coeffÉcients. 

5. Calculat ion of Rotordynamic 
Coeff ic ients  

Direct  and cross coupled stiffness coefficients 

K and k, damping coefficients C and c are given 

by Childs and Scharrer (1986) as 

N C  

K =  x ~ R s i L i  (F2ci + F2c~) (35) 
i=1 

N C  

k = zr'YTRs,L ~ (F~s~ + Fg~ ) (36) 
i=1  

N C  

C = ~ - ~ R s ~ L i ( F %  +F2s~) (37) 

N C  
7T + _ c= ~-~Rs,Li(Fgc,  + Fgci) (38) 

These coefficients are calculated by using the 

solut ion parameters of  pressure distr ibut ion in 

the first order solution. 

6. Results  

The geometry and the operat ing condi t ions  

used here are given in Table  2. These geometry 

and condi t ions  are taken from Eser and Kazakia  

(1995), Eser (2002). Here we use staggered laby- 

rinth seal types whose teeth on stator and on the 

rotor. These seal types are given in Fig. I. We 

compare  our results to the results of  Eser and 

Kazakia  (1995), Eser (2002) using the cases in 

Table  2. The compar ison  of  ro tordynamic  co- 

efficients are given in Figs. 7 - -10  for the first 

three cases of  Table  2. We compare  the rotor- 

dynamic coefficients for straight and staggered 

labyrinth seals teeth on rotor. These compar isons  

Table 2 The geometry and the operating conditions 
for four different cases 

Definition 
Case 1 Case 2 Case 3 Case 4 

of cases 
Pm (bar) 3.08 5.84 8.22 3.08 

Pour (bar) 1.01 1.01 1.01 1.01 
go (m/s) 60 60 60 60 
w (rpm) 16000 9000 6000 16000 
Cr (ram) 0.33 0.33 0.33 0.33 
_K's (ram) 75.6 75.6 75.6 75.6 
B (mm) 3.175 3.175 3.175 3.175 
L (ram) 3.175 3.175 3.175 3.175 
d (ram) 0.25 0.25 0.25 0.25, 

0.50, 
0.75, 
1.00 

No. of teeth 16 16 16 16 
Teeth on Stator Stator Stator Stator, 

Rotor 
TIPLEN .2E-4 .2E-4 .2E-4 .2E-4 

K (N/m 

- Z ~ + 4 ~ ~  

-3..~"44 

.4.(Eo,4 " ~  

.4,~.o,4 \ 
\ 

"7 
Case 

2 3 
Fig. 7 Direct stiffness coefficient 

k (N/m 
2 . 0 0 E + 5  - 

1 . 7 5 E + 5  - 

7.50E+4 ~ ~ / / /  
C ~ e  

5 .00E+4  ~ - -  , 

1 2 3 

Fig. 8 Cross coupled stiffness coefficient 



are satisfactory. Using the case 4 with different 

step sizes we give the comparison of  rotordynamic 

C (Ns/m) 
1.4E+2 -~ 

J 

1.2E+2 - 

coefficients in Figs. 11~ 14. These comparisons 

are reasonable. 
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Fig. 9 Direct damping coefficient 
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Fig, lO Cross coupled damping coefficient 
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o so o oo oo 
Fig. 14 Cross coupled damping coefficient 
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Appendix A 

G -- 0o,/2,oi :4 c ( 7--1 ~ { ~ {  Po,-, ~ rT' 
5 ~ - ~  oo~-5)\ ~" / \  Po,/\ Poi / 

Po~ 
-qo ,  P~i-, - Po2i 

G6i-- RSi+l qOi+l qoi 
Rsi Cri+l CJ'i 

The coeeficients X:s  are 

(2+ms)  Z'soiasi (2+ mr )  r, oiarsi 
X2~=Ooi~ Voi F ( R s i w -  Voi) 

Xai- rsoiasi "(rOiari 
Po~ Poi 

+ O°i#t°~(4&'-5) ( 7~1 ) ( ~ o , ~ ) ( ~ ) z r  Vo~-Vo,-,, 

Po, 
- Ooi z ~ (  Vo,'- Voi-l) 

Pal-,-Pai 
1 

X , , . : ~ ( 4 & i - 5 ) (  ~ l - ) (  ~oi<)( ~ ) - Y (  }'i- Voi-l) 

~ (  ¼,.- Vo~-~) +qoi 

Xsi=_ 0o~ ( Voi- Voi-x) msr, oia,iDhoi( d + 2Li) 
Cri L i(2Bi+I + Cri + d) 2 
mrrroiar~Dhoi (d +2Li) q 

L,. (2Bi< + Cri + d) 2 

Hydraulic diameter Dh~ is defined as 

O h ~  - -  
(2Bi+l + 2Cri+ d) Li  
B i + l + C r i + d + L i  

The coefficients Gi's are 

G Aoi PoiLi 
1 i = ~  -, C'2i-- R T  

1 

Rsi+l qoi+,Poi Poi 
"~ Rsi  H i - H i + I  ]-00i P~Oi-I--Hi 

+ 0o/.lo/(5-4Soi)( 7-1  ~{ 1 )( Poi< ~ 

41- RTi ~r \ ~oi< / \  Poi+: / 

RSi+l . Poi+l 
Rsi qom P~oi-~i+l 

Appendix B 

B ~ = [ 7 _  ' G~, 
2 

2 '  2 ' 2 '  

fvo, sa l" 

vo, 

01T 01T 
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A l l  = 

A~= 

G~ 0 0 0 0 0 0 0 

0 Gs~ 0 0 0 0 0 0 

0 0 Gs~ 0 0 0 0 0 

0 0 0 G~ 0 0 0 0 

Xa~ 0 0 0 -~1 0 0 0 

0 X4i 0 0 0 -q 0 0 

0 0 X4~ 0 o o - (~  0 

0 0 0 X4i 0 0 0 -Cl  

A + 1 = 

G4, 0 0 0 0 0 0 0 

0 G4, 0 0 0 0 0 0 

0 0 G41 0 0 0 0 0 

0 0 0 G4, 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

G3t G~I ~ + ~  ('2:, 

0 0 

0 0 

Xa, Ao~ 
Rs~ 

Aoi 
Rsl Xa 

0 0 

0 o 

0 0 

0 0 

Gsi G I , ( - ~ + ~ )  

0 0 

0 0 

Xsl Aol 
Rs~ 

Aoi Xsj 
Rs~ 

Pol 
0 G. Rs~ 0 0 

Poi 
-GH Rs~ 0 0 0 

Poi 0 0 0 l,~ R~- ~ 

Poi 
0 0 -G~ Rsj 0 

X2~ X@Q+ ~ ' )  0 0 

o o 

/ - Vo~ '~ o o x~, -x~,fs~- R~,) 

o o t X~ 
\ RSl/ 


